
To the Editor: 
F. Concha and M. C. Bustos (Feb., 

1987, p. 3 12) have recently presented an 
interesting Note concerning a modifica- 
tion of the Kynch theory of sedimenta- 
tion. Although I recognize the value of 
the work performed, 1 would like to com- 
ment on some aspects of their paper. 

One criterion taken into account to sin- 
gle out the admissible weak solutions of 
Eq. 9 in their paper is Lax’s entropy con- 
dition for shocks (Lax, 1957 and 1960). 
This condition can be applied to systems, 
in which the settling rate and the solids 
flux density depend only on the solids 
concentration. In this case, a hyperbolic 
system is considered. The zones that are 
formed in a batch test are the settling 
zone and the compression zone. There is a 
discontinuity of solids concentration be- 
tween the two zones, corresponding to the 
surface of the sediment that builds up on 
the bottom of the cylinder. In the settling 
zone, the sedimentation rate and the sol- 
ids flux density depend only on the solids 

concentration. In the compression zone, 
however, the subsidence rate depends on 
the solids concentration as well as the 
squeeze transmitted by the upper layers 
due to their weight (Fitch, 1979 and 
1983; Tiller, 1981; Font, 1986). This is 
also recognized by the authors. Conse- 
quently, in the whole system (settling 
zone + compression zone), the sedimen- 
tation rate does not depend only on the 
solids concentration. Therefore, Lax’s en- 
tropy condition cannot be considered. 

My comments about Figure 1 of their 
paper are as follows: 

l)f((b) = u,(b(l - (b)“+’ is plotted vs. 4 
in Figure 1 of this letter. According to the 
shape of this Figure and Kynch’s theory, 
the variation of the pulp-supernatant in- 
terface height should be that indicated in 
Figure 2 of this letter (Kynch, 1952; 
Koss, 1977). Accordingly, characteristics 
of (b equal to 0.17, 0.19 and 0.25 cannot 
appear. 

2) All the characteristics, except for 
(b = 0.14 and 4 = 0.23, must begin from 

the origin. In Figure 1 of their paper there 
are some characteristics corresponding to 
intermediate values of 9 between 0.14 
and 0.23, which begin from the t axis. 

3) According to the equation us = u, 
(1 - + ) “ + I ,  for (b = 0.14, one deduces that 
us = 9.059 x m/s. The value uI, 
which can be calculated from the initial 
straight line of the pulp-supernatant in- 
terface in their Figure 1 ,  is approximately 
6.8 x m/s. Therefore, the result pre- 
sented in their Figure 1 is not logical, and 
does not agree with Eq. 19 in their paper. 

Probably the values h and k in the 
numerical solution are not large enough 
to obtain a correct solution. 

The initial curve in Figure 2 of their 
paper, which corresponds to the variation 
of the pulp-supernatant interface height 
a t  small values of time, is difficult to 
explain. Nevertheless, I do not under- 
stand how the authors have obtained the 
characteristics corresponding to (b > (bc 
when Eq. 19 in their paper is valid for I$ < 
(bc only. Furthermore, in the compression 
zone there are no characteristics, because 
the subsidence rate does not depend only 
on the solids concentration. One can de- 
fine lines of equal concentration or lines 
of equal subsidence rate, but never char- 
acteristic lines. 
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Figure 1. Solids flux density vs. solids concentration. 
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Figure 2. Height vs. time. 
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Reply: 
We would like to thank prof. Font for 

his comments and for 
aspects of our paper that appear not to be 
clear. 

First, we want to recall some funda- 

used in our paper. The Lax entropy condi- 
tion is a general mathematical formula- 
tion that applies to all hyperbolic quasi- 
linear conservation laws and not only to 
the problem of sedimentation, with or 
without compression, as Prof. Font sug- 
gests in his letter. The hyperbolic conser- 
vation laws consist in general of n equa- 
tions in n unknown, 

hyperbolic, all of them are different from 
one another. Corresponding to each char- 
acteristic speed, the system has n charac- 
teristic defined by (‘Ourant and 
Hilbert, 1962): 

mental mathematical concepts that we dz - 
- = Xi(U), i = 1 ,  n. 
dt 

Solutions to this type of equations are 
in general weak solutions that satisfy the 
n Rankine-Hugoniot conditions across 
the discontinuity z(t): 

dz F(U+)  - F ( U - )  
dt u+ - u- g n - =  

au a F ( u )  
-+-= 0, at az 

Across a shock of the kth family they also 
satisfy the Lax entropy condition (Lax, 
1957): 

where Fare vectors with compo- 
nents UT = (ul, u2, .  . . , 4; FT = (fi,f2. 
. . . , f,,). The characteristic speeds Xi ,  Az, 
. . . , A,, are the eigenvalues of the Jaco- 
bian matrix dF and, since the system is 

- 
X,(U-) 5 u z X,(U+),  k = 1 ,  n. 

For n = 1, the characteristic speed hi - 
f ’ ( u ) ,  so that the Lax entropy condition 
reduces to, 

f’(u-) z u r f + ( u + ) .  

With respect to Prof. Font’s question 
on how to obtain the characteristic lines 
for concentrations greater than the criti- 
cal concentration, we would like to point 
out that the objective of our paper is to 
describe the sedimentation of compress- 
ible suspensions within the framework of 
the Kynch theory of sedimentation (kine- 
matical model). This means that we keep 
Kynch’s equation (a conservation law 
with n = 1) and the initial condition, but 
we replace the boundary condition given 
in Eq. 5 for that given in Eq. 8 and extend 
the flux-density functionf(q5) to values of 
4 ’ qic. 

Since this procedure of including com- 
pression in the Kynch model appears to 
apply only to suspensions with very low 
compressibility, we developed a dynami- 
cal model (Bustos and Concha, 1986) in a 
second paper submitted to this Journal. 
This model consists of two hyperbolic 
quasilinear conservation laws with the 
concentration qi and the flux density f as 
unknowns. In both models, the Lax en- 
tropy condition should be applied to select 
the physical relevant solution. 

We disagree with Prof. Font’s assertion 
that in consolidating pulps no character- 
istics may be defined. For one hyperbolic 
quasilinear equation (Kynch kinematical 
model) or a system of two hyperbolic qua- 
silinear equations (dynamical model), 
lines of equal concentration and charac- 
teristic curves can be defined (Courant 
and Hilbert, 1960). In the first case both 
coincide and in the second they do not. 
Prof. Font seems to forget that we are 
using Kynch model in the region of con- 
solidating pulps in which the lines of 
equal concentration are its characteristics 
and are straight. This is the reason why 
we decided to develop a more general the- 
ory, since the experimental data available 
(Scott, 1968; Been and Sills, 1981) show 
that the lines of equal concentration in 
the consolidating pulp are curves with de- 
creasing slope that become horizontal as 
time increases. 

With respect to Figure 2, the strange 
shape of the initial part of the settling 
curve is due to a numerical problem we 
had at the time, in calculating the first 
values of the concentration at the 
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Figure 1. Modified Kynch theory: settling of a compressible suspension. 

boundary. This gave rise to characteris- 
tics of concentration between 0.17 and 
0.23 originating in the t axis. Since then, 
we have been able to overcome this diffi- 
culty as Figure 1 shows. 

With respect to Figure 1 in our paper, 
we obtained the result that the consolida- 
tion of flocculated suspensions of low 
compressibility can be represented by 
straight lines diverging qb > qbc. The pur- 

pose of including Figure l is to show the 
prediction of the Kynch model that the 
characteristics leaving the f axis are  par- 
allel for an ideal suspension. There is no 
claim in our paper that this solution rep- 
resents the experimental results for com- 
pressible suspension; on the contrary, we 
have stressed that this is not the case. 
Furthermore, if we consider an ideal sus- 
pension, there would be no need to use a 

numerical method to solve Kynch prob- 
lem, since the method of characteristics 
to construct global weak solutions is 
available (Bustos and Concha, 1987). 
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